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We elaborate on the notion of generalized tomograms, both in the classical and quantum domains. 
We construct a scheme of star-products of thick tomographic symbols and obtain in explicit form 
the kernels of classical and quantum generalized tomograms. Some of the new tomograms may have 
interesting applications in quantum optical tomography. 
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I. INTRODUCTION II. GENERAL SCHEME OF STAR-PRODUCTS 


The tomographic probability description of classical 
and quantum states [I|, is based on the standard Radon 
transform H of positive definite functions and Wigner 
functions respectively, the latter being actually 

experimentally used for the reconstruction of quantum 
states, through the determination of the associated den¬ 
sity operators 1M3 (see also PQ) . 

The use of the Radon transform to associate a proba¬ 
bility distribution (tomogram) with every Wigner func¬ 
tion ii was shown to be equivalent [l^ to the use of 
a specific scheme of quantizer-dequantizer procedure to 
build a star-product by means of a quantum version of 
the Radon transform. Specihcally, the kernel of the as¬ 
sociative star-product of tomographic symbols of quan¬ 
tum observables and the kernel of the associative star- 
product of symbols associated with classical observables 
were studied in [liP. 

The aim of this paper is to further develop the star- 
product scheme by means of the so called thick tomogra¬ 
phy approach [l^ for the description of quantum states 
and obtain in explicit form the star-product kernel for 
thick tomographic symbols. We also provide a general 
approach for the construction of tomographic schemes 
where different nonlinear functions (not only linear ones) 
in position and momentum are being used, and take the 
opportunity to better qualify a statement made in Ref. 
0 - 

This article is organized as follows. In section 2, we 
review the general scheme for the construction of a star- 
product. In section 3, the thick tomographic approach 
is considered by following Ref. [l^, and the kernel for 
the star-product is constructed. In section 4, a general 
scheme to deal with nonlinear functions of position and 
momentum is formulated. Perspectives and conclusions 
are provided in section 5. 


The Weyl-Wigner formalism enables one to represent 
operators by means of functions on phase space and 
viceversa, in a one-to-one correspondence, provided that 
the functions satisfy appropriate conditions. By this 
one-to-one correspondence it is possible to build a non¬ 
local product on functions which corresponds to the as¬ 
sociative operator product. As the Weyl map realizes a 
projectively unitary representation of the Abelian vector 
group (phase-space), the induced product on functions 
coincides with a twisted convolution product. This con¬ 
struction can be extended and generalized to any mea¬ 
sure space X on which it is possible to define, for any 
X G A a pair of operators Ui(x) and Di{x) acting on 
some Hilbert space TL, called dequantizer and quantizer 
respectively, with the property 

Trl)i(x)f7i(x') = 4'(^), (1) 

where x G X. To any operator A acting on 'll one can 
associate a function called its symbol 

Ai(x) = Tr A{7i(x), (2) 

and the reconstruction formula, the inverse map, reads 

A = y Ai{x)Di{x)dx. (3) 

By using this one-to-one map we define the star product 
of two symbols associated with A and B by setting 

Ai*Bi{x) = TtAbUi{x) 

Ki (xi, X 2 , x)Ai {xi)Bi (x 2 )dxidx 2 , (4) 

where the kernel of the star product is given by the rela¬ 
tion [T^ 

Ki{xi,X 2 ,x) = Tr (^Di{xi)Di{x 2 )Ui{x)^ . (5) 
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Let us assume that there exists another manifold (mea¬ 
sure space) Y with another pair of quantizer and dequan¬ 
tizer operators 1 ) 2 ( 2 /) ^ 2 ( 2 /) with y € Y, acting on 

the same Hilbert space TL on which Di{x) and Ui{x) act. 
Then, with the same operator A it is possible to associate 
another symbol function defined on Y, say 

A 2 {y)=TrAU 2 iy), (6) 

with inverse 

^ = J ^ 2 {y)D 2 {y)dy. (7) 

By using formula 0, we find 

Aiix)=Jj<i2ix,y)A2{y)dy, ( 8 ) 

212 ( 2 /)=/ K 2 iiy,x)Ai{x)dx, (9) 

Jx 

where we have defined the integral transform from sym¬ 
bols on X to symbols on Y^ and viceversa, by means of 
the formulae 


Ki2{x,y) = Tr27i(a;)£)2(2/), 

(10) 

K2i{y,x) = TrU2iy)bi{x). 

(11) 


The previous construction raises a natural question: 
given the integral relations 0-0, is it possible to find 
their quantum descriptions, that is, to find two pairs 
Ui{x) and Di{x) and tj 2 {y) and 1 ) 2 ( 2 /) such that (fTOll 
and (HU hold? This inverse problem, i.e., to find the 
quantizer-dequantizer pair corresponding to a given ker¬ 
nel was considered in [^. Now we will show how the 
standard symplectic tomography can be framed in this 
context. As a matter of fact, the classical Radon trans¬ 
form and its inverse play the role of K 12 and K 2 i. 

To show this explicitly, set x = {X, p,, i/) £ and 
y = {q,p) G R^. Then for two functions Ai{x) and ^ 2 ( 2 /) 
one has 

Ai{X,fj,,iy) = J A 2 {q,p) 6 {X - yq-vp)dqdp, (12) 


^2(g,p) = ^ J Ai{X,fi, I/) '"^Mxd/idz/. 

( 13 ) 

We now have to exhibit two quantizer-dequantizer pairs 
such that the kernels of (IT^ and (IT3l) have the form (flOl) 
and (HU- The solution is known and is provided by 

Ui{X,p,v) = 6 {X-pq-iyp), 

bi{X,p,v) = -^eyipiiX - pq-up), (14) 


and 


Mq.p) = I e-nq-^){q+^\du, 

b 2 {q,p) = -^b 2 {q,p). (15) 

The previous formulae show that the standard tomo¬ 
graphic picture may be given a quantum version, indeed 
the classical symbols are originated from quantum oper¬ 
ators. 


III. THICK TOMOGRAPHY 


One can use for “thick” quantizer and dequantizer for 
an arbitrary window function S(Y) > 0. 


U{X,p,u) = ^{X - pq-up), 


(16) 


D{X,p,u) = ^d^^-^‘^-'P\ 


where 


AA = 


l{z) e'^ d 2 


-1 


(17) 


(18) 


The kernel of the star product reads 

Ks{Xi, pi,Ui, X2, P 2 , V2,X^, P3, U3) 

= Tr ^D{Xi, pi,vi)b{X 2 , P 2 ,V 2 )IJ{X 3 , 


27r 


AXi+iX2 


Tr - psq - usp)} .(19) 

Using the relation 

E{X)= [E{Y)S{X-Y)dY, (20) 


we get 

K^{Xi,pi,Vi,X2,P2,V2,X3, P3,U3) 

= / Ks{Xi, pi,ui, X 2 , P 2 ,i 22 , X 3 — Y, P3,U3)E{Y) dY, 

( 21 ) 

where Ks is the kernel of the star product related to 
the ide al sy mplectic tomogram (formally obtained when 

S = 5) [H. 

Exactly the same relation takes place for classical com¬ 
mutative tomographic star product. It means that quan¬ 
tum and classical tomographic products are related by a 
twist factor, namely, 


A^qu 




( 22 ) 
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IV. GENERALIZED TOMOGRAPHIC 
STAR-PRODUCT SCHEME IN CLASSICAL AND 
QUANTUM PICTURES 

Here we present a general scheme that relates the 
known classical tomographic schemes, given e.g. in fl^ . 
d with their quantum versions. In fact, we apply the 
Weyl quantization map to formulate the integral rela¬ 
tions among functions on phase space of a system with n 
degrees of freedom. Let us consider two arbitrary func¬ 
tions: f{q,p) on phase space {q,p) G K^", and yVf{x) on 
an m-dimensional manifold x € X. Assume that there 
are two integral relations between the functions: 

W/(^) = / fiQ,P)V’{Q,P,x)dqdp, (23) 

f{q,p) = f yVfix)x{q,P,x)dx, (24) 

Jx 

with kernels (p and x that relate the phase-space with the 
manifold X. In order to get a quantum version of these 
relations, we introduce the operators 


<f{q,P:x) = 

/ ‘P{q,P,x)b{q,p)dqdp, 

JR2" 

(25) 

x{q,p,x) = 

/ xiQ,P,x)b{q,p)dqdp. 
7r2" 

(26) 


The operators act on the Hilbert space of an n-mode 
system, e.g. on the space of states of an n-dimensional 
harmonic oscillator L^(R"). The components of the oper¬ 
ator vectors q = ■■■An) and p = {pi,p 2 , ■ ■ ■An) 

are the standard position and momentum operators with 
commutators [qkAk] = i (with units h= \). The explicit 
form of the operator D{q,p) is 

D{q,p) = — exp(2Q: • — 2a* ■ d)I, (27) 

tt" 

where a = (ai,Qf 2 ,... ,an) G C”, with a = {q + ip)/A2, 
while d = (di, 02 ,..., a„) and d’l = (dj, dj,..., o))) 
are the vectors of annihilation and creation operators: 
d = {q + ip)/\/2 and dl = (g — ip)/-\/2. The opera¬ 
tor I is the parity operator with action Itpiq) = '>P{~q)i 
for ip G T^(]R"). The operator I){q,p) is the Weyl sys¬ 
tem displacement operator on the Hilbert space of an 
n-dimensional oscillator. 

Let us suppose now that for an arbitrary operator A 
we have its Weyl symbol 

fA{q,p) = Tr (^AU{q,p)^ , (28) 

where the dequantizer operator U{q,p) is given by 

U{q,p) = {2‘n)'^b{q,p). (29) 

Then one has a reconstruction formula 

A = [ fAiq,p)b{q,p)dqdp. (30) 


Moreover, the product of two operators AB is mapped 
onto a star product of their symbols /a*/b whose explicit 
expression is 

Ua* fB)iq,p) = [ fAiqi,pi)fBiq2,P2) 

Giqi,Pi,q 2 ,P 2 ,q,p)dqidpidq 2 dp 2 , (31) 
where the Groenewald kernel is given by [Tsi l 

Giqi,Pi,q2,P2,q3,P3) 

= Tr (^b{qi,pi)b{q 2 ,P 2 )U{q 3 ,P 3 )'j 

= ( 21(91 ■P 2 - q 2 -Pi)+ eye. perms.) (32) 

Let us now introduce for any operator A its symbol as a 
function on the manifold X 

WaA) = Tr (^A(fi{q,p,x)^ ■ (33) 

In view of relations (E^ - (I24|) one can reconstruct the 
operator A using the formula 

A = [ yVA{x)x{q,P,x)dx. (34) 

Jx 

The relations (l33l) and (l34l) mean that the operators 
p(q,p,x) and xiqA^x) play the role of dequantizer and 
quantizer, respectively. Thus, they determine the star- 
product of the symbols of operators A and B by 

WA*WB(ai)= / 'WA{xi)V\>B{.X 2 )K{xi,X 2 ,x)dxidX 2 ^ 
Jx^ 

(35) 

Therefore, starting from the classical integral rela¬ 
tions (ESD-dMl) we constructed a new star-product 
scheme. In this scheme the dequantizer and the quan¬ 
tizer are given by (1251) and (l26l) . respectively. By the 
general theory of star-product description [l^ the kernel 
of this star-product reads 

K{xi,X2,X3)=TT{x{qA,xi)x{q,P,X2)^{qA,X3)^ (36) 

By plugging the explicit expression (EH) and (ESI) 
into (I36|) and using the definition of the Groenewald ker¬ 
nel (ED), we get 

K{xi,X2,X3) = / x(gi,Pi,a:i)x(92,P2,a;2) 

7 ^( 93 ,P3,a:3)G(9i,P i, 92,^2,93,Pa) 
dgidg2dp2dg3dp3. (37) 

One application of formula EZD is the tomographic 
scheme of star-product. For example, in the case of sym- 
plectic tomography the classical (Radon) transform and 
its inverse provide the functions (for simplicity we con¬ 
sider the single-mode case) 

(j){q,p, x) = (j)iq,p, X, /i, v) = 6 {X - pq- vp), (38) 


4 


with X = {X, /X, i/), and 

X(g, p, x) = xiq. P, X, p, u) = . (39) 

Then the dequantizer and the quantizer of the tomo¬ 
graphic star-product scheme read 


6(^4X3 - {pi + p2- 2/X3 + 1^2- ^1)^ ( 45 ) 

-{vi +V2- 2x^3 + Pl- P2f^ ■ 


p{q,p,x) = S{X - pq-vp), (40) 

and 

x{q,P,x) = ^exp(i{X - pq-i^p)y (41) 

respectively. Applying the relation (|37l) with the Groe- 
newald kernel we find the kernel of the tomographic star- 
product obtained in [l5l| . 

Now we apply the developed method to find the 
star-product kernel of a tomographic scheme based on 
quadratic functions [T^ . Again we consider the single¬ 
mode example. We have 

q^iq,P, x)= 6 {X -{q- pf -{p- vf) , (42) 

and 

xiq,P, x) = - exp (i(X - (g - pf - {p - yf)) , (43) 

TT 

with X = {X,p,y). The kernel of the quantum tomo¬ 
graphic star-product is given by the integral (1371) . which 
in this case reads 

X{Xi, pi, ZZi, X 2 , /i 2 , ^ 21 X 3 , P3,V3) 

= -^ [ dqidq2dp2dq3dp3 
7 ’"'’ JrS 

S {X 3 - (93 - P 3 f - {P 3 - V 3 f) 

exp (i(Xi - (gi - pif - (pi - vf))) (44) 

exp (i(X 2 - (92 - M 2 )^ - (P 2 - yi))) 

exp ( 2 i(giP 2 - q 2 Pi + 92^3 - <73^2 + qaPi - qiPa)) ■ 

A lengthy but straightforward calculation yields 

K{Xi, pi,yi,X 2 , P 2 ,y 2 , X 3 , p3,y3) = 


The result is not symmetric with respect to the permu¬ 
tation 1 o 2. This reflects the noncommutativity of the 
operator product. The result can be easily generalized to 
the multimode case. 

V. CONCLUSIONS 

To conclude we point out the main results of our 
work. We have presented a general method to obtain the 
star-product of symbols of quantum observables in cases 
where the classical functions on phase-space are mapped 
onto tomographic symbols by means of different integral 
transforms. The method generalizes the Radon trans¬ 
form of functions on classical phase-space. The Radon 
transform is based on the use of a Dirac delta-function 
of a linear form in position and momentum. We used 
Weyl quantization as a tool to map functions on classical 
phase-space onto operators acting on a Hilbert space. By 
using this map we constructed the explicit expression of 
the quantizer and the dequantizer operators, providing 
the quantum version of tomography based on the Dirac 
delta-function of quadratic forms of position and momen¬ 
tum. This form might be useful in the analysis of exper¬ 
iments for photon number measurement statistics. The 
explicit expression of the star-product kernel of the gen¬ 
eralized tomographic symbols was obtained in the case of 
quantum tomography determined by quadratic Hamilto¬ 
nians. The generic relation of different star-product ker¬ 
nels with the Groenewald kernel of the symbols of Weyl- 
Wigner functions on phase space was established. The 
application of the developed tomographic star-product 
formalism will be the object of study of future work. It 
will be also interesting to consider cases with discrete 
spectra like the angular momentum in a cylinder or sys¬ 
tems with finite dimensional Hilbert spaces like qudits 
where the star-product formalism can be easily imple¬ 
mented. 
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